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A general model for averaging the acoustic target strength functions of fish is stated in calculable form. 
It accounts for the influences ofthe distribution of generally coupled spatial and orientation states of fish, 
geometric perspective, and beam patterns on observations f target strength. The model is developed and 
applied to observation f fish by directional, downward-looking sonars. A particular example is 
considered in which the sonar is represented byan ideal circular piston, the spatial distribution offish is 
homogeneous, and the orientation distribution is spadally homogeneous and characterized by a 
uniformfly distributed azimuthal variable and an independent, essentially normally distributed tilt angle 
variable. Averaged and averaged-squared backscattering cross ections are computed from high quality 
gadold target strength functions measured at two ultrasonic frequencies. Results for a sonar half- 
beamwidth of2.5 deg for three different realizations of the tilt angle distribution are expressed in the 
logarithmic domain and regressed linearly on fish length. The significance of species, frequency, and 
orientation distribution differences among the regressions is noted. Estimates of the mean ratio of 
averaged-squared backscattering cross ection and squared-averaged backscattering cross ection are 
presented. 
PACS numbers: 43.30.Dr, 43.30.Gv, 43.30.Vh, 43.80.Jz 
INTRODUCTION 
Quantities of considerable interest in the estimation 
of the low-order statistics of the acoustic echo energy 
from an aggregation 'of fish are the mean and mean- 
squared backscattering cross sections. •-$ Computations 
of averaged backscattering cross sections are reported 
in the literature. t'4-8 These suffer from one or more 
shortcomings in addition to that of neglect of the geo- 
metric effect of perspective. This is visualized simply 
as the change in apparent target orientation, thence 
backscattering cross section in general, due to a sim- 
ple parallel translation ofobservation point or target. 9 
Because of the perspeetivai effect, the transmit and re- 
ceive beam patterns of observing echo sounder cannot 
be ignored in considering the spatial average of the tar- 
get strength function, as they might in a dual-beam sys- 
tem. 1ø'• As the systems under review and investigation 
here are strictly single beam, the averaging operations 
of Refs. 1 and 4-8 suffer from the neglect of beam pat- 
terns. Other shortcomings in averaging of target 
strengths include neglect of the detailed scattering prop- 
erties of fish and disregard of fish orientation or dis- 
tribution of orientation states of fish under observation. 
There seems to be only a single estimate of the aver- 
aged-squared backscattering cross section reported in 
the literature, • and this suffers from a number of the 
omissions described here. 
Explanations for both the scarcity and erroneous eom- 
putations•of averaged and averaged-squared backstaf- 
t,flag •rooo o•t•oa racy b• •r•œ•rr•l œrom •h• ½i•ecl lit- 
erature. These are the lack of simple analyticity in 
general expression of target strength functions, the need 
or desire to maintain an easy tractability in computa- 
tion, and the lack of a general model for averaging. 
The several matters are treated in this paper by state- 
ment of a general averaging model, development of it 
by a natural succession of simplifying assumptions, and 
presentation of numerical computations based on high 
quality measured target strength functions for an im- 
portant geometry of application. The decision made at 
the outset of this study: to perform all involved com- 
putations on a high-speed electronic computer, has pre- 
cluded over-simplification both in the method of aver- 
aging and in the representation of target strength func- 
tions. The model and computations consequently are 
believed to be physically realistic. This presumes that 
the backscattering properties of living fish in the wild 
at ultrasonic frequencies are adequately represented by 
corresponding target strength measurements on proper- 
ly anesthetized, stunned, or killed specimens, at least 
to the extent that the principal statistics of backscat- 
tering cross section are involved. There is both theo- 
retical and empirical evidence for this, but such is pre- 
liminary and afield of the present investigation, so is 
not considered further. 
Averaging of the target strength functions of fish is 
considered first for an arbitrary configuration or en- 
semble of states of fish as defined by the joint probabil- 
ity distribution of the random variables describing po- 
sit/on and orientation of a single fish. This general 
averaging method is developed for the important special 
case in which spatial and orientation states are indepen- 
dent. This case, in turn, is developed for the often 
realistic situation in which fusiform fish of unexception- 
al behavior are sensed by a directional, downward- 
looking sonar. This case is further extended to situa- 
tions in which the probability of sensing a fish is inde- 
pendent of its position and azimuthal orientation relative 
to the sonar and the tilt angie is independent of azimuth- 
ai orientation. 
Computations of averaged and averaged-square• DacK- 
scattering cross sections are presented for a distinct 
realization of this particular case; namely, for a down- 
ward-looking echo sounder with identical transmit and 
receive beam patterns equivalent to that of an ideal cir- 
cular piston of half-beamwidth 2.5 deg. The computa- 
tions are performed for several different modes of 
harlot, i.e., for several different fish orientation dis- 
tributions, according to the operational equivalence of 
fish behavior and orientation distribution defined by 
Foote. •2 The target strength functions of application are 
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the dorsal aspect target strength functions of a number 
of gadoid specimens measured at 38 and 120 kHz by 
Nakken and Olsen I and edited in Ref. 13. Results of 
computations are expressed through scatter diagrams 
of averaged target strengths, or root-mean-square tar- 
get strengths, on fish length or through corresponding 
least-mean-squares regressions. These computations 
represent both a continuation and extension of earlier 
corn putations.i2 
I. AVERAGING METHODS 
In the description of averaging methods presented be- 
low these conventions are adopted'- F. (') denotes the 
cumulative distribution or c.d.f. of the variable(s) des- 
ignated by the subscript(s) when evaluated at the re- 
spective argument(s), which may include vector quan- 
tities. dF. ( ß ) denotes the probability element or p.e. 
corresponding to F. ('). b2(f•) represents the product 
of transmit and receive beam patterns, which are gen- 
erally different, when evaluated in the scatterer direc- 
tion •. (o) denotes the result of averaging the back- 
scattering cross section with respect to the transmit 
and receive beam patterns and joint distribution of spa- 
tial and orientation states, which generally are coupled. 
• denotes an intermediate or partially averaged quantity 
in those cases where it is possible to separate or de- 
couple at least partly the spatial and orientation states. 
Thebackscattering cross section • of a fish of definite 
biological and physical condition or state, for a given 
ensonfication signal, is solely a function of the apparent 
fish or scatterer orientation as viewed from the obser- 
vation point at the center of collocated transmitter and 
receiver. In order to average the backscattering func- 
tion it is convenient to describe the apparent orientation 
in terms of the scatterer position and orientation, which 
provide a more natural description of the scatterer 
state. Expression of the apparent scatterer orientation 
in terms of the scatterer orientation and position are 
facilitated by consideration of the geometry defined in 
Fig..1. 
I 
Three rectangular coordinate systems are shown. 
The (X, Y, Z) system is established with its origin at the 
center of the collocated transmitter and receiver and 
with the Z axis oriented downwards. The (x,y,z) sys- 
tem is established by simple parallel translation of the 
(X, Y, Z) system according to the spatial displacement 
r which describes the center of rotation of the scatterer 
relative to the center of collocated transmitter and re- 
ceiver. The scatterer direction in (X,Y,Z) coordinates 
is defined by the unit vector f• = r/r; the observationdi- 
rection in (x,y,2) coordinates is described by the unit 
vector -•. The unit vector • is also described by the 
pair of angles {d,qo). The {•,q,•) or scatterer coordin* 
ate system is attached to the scatterer at its center of 
rotation. For a fish the vectors in the positive senses 
of these axes denote, respectively, frontal, lateral, 
and ventral aspects, which are described alternatively 
by normals to the head, side, and belly, as definedwith 
respect to an idealized model of the fish body. The 
longitudinal axis is described sometimes by the center- 
line, which is defined as the imaginary line running 
from the root of the taft to the tip of the upper jaw. 
The ([,B, •) system, for an arbitrary scatterer orien- 
tation, can be developed from the (x,y,z) system by an 
ordered succession of three rotations. In the absence of 
rotation each of the f, •7, • axes coincides with the re- 
spective axis in the (x,y, z) system. From initial coin- 
cidence the scatterer, with attached ([,•, •) system, is 
rotated firstly clockwise about the z axis through the 
angie qo', whmh denotes the local azimuthal coordinate 
or yaw. The scatterer is next rotated clockwise about 
the lateral body axis, the •l axis, through the angie 8', 
which denotes the tilt angie or pitch. The scatterer is 
finally rotated clockwise about its longitudinal axis, the 
• axis, through the angie $', which describes the roll 
or, as it is alternatively referred to, roll angie. 
An arbitrary vector in the (x,y,z) system, say A, is 
thus described in the (f,•, •) system by the vector 
A'=R* 'A, where R* is a unitary matrix with explicit 
expression 
I COS0 • COS• • sinS' cos•' sin•/- sin•o' cos•,' 
sinS' cosq0' cos•/+ sin•o 'sin•/ 
COS 0• sin•o • 
sin/]' sin•o' sin•,' + cos•o' cos•,' 
sin0' sin•' cosq ' - cos •o' sia•' 
-sinO' ] 
COSO • sin•o'} . 
COS 0 • Cos • 'J 
Thus the apparent scatterer orientation • is related to 
the scatterer direction $ and scatterer orientation rel- 
ative to the (x,y,z) system by the equation 
•=-•t* '•. (2) 
The scatterer orientation may atso be described by a 
pair of angtes, O and •, which, in terms of the rectang- 
ular components of •, the direction cosines •=, •., and 
rl•, are defined by 
0 = t•n- •[(• • + fi.2)•/•/f•r] (3) 
and 
I 
4• = tan- I(a.a•). (4) 
The arctangent function is multiple-valued; that branch 
is chosen for each of O and ß such that the coordinate 
pair (9,•) coincides with (0,qo) [or the case in which 
the scatterer and (x,y,z) coordinate systems coincide, 
i.e., for the case in which the yaw, pitch, and roll of 
the scatterer vanish. Thus (O,•) specifies the apparent 
.qcatterer orientation when observed from the cotlocated 
transmitter and receiver. This interpretation of scat- 
terer orientation is illustrated in Fig. 2. 
In expressing the backscattering cross section in 
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FIG. 1. Geometry of averaging. 
averaging operations it is instructive to show the scat- 
terer direction and orientation explicitly in the argu- 
ment. The scatterer orientation, which is defined by 
the respective pitch, yaw, and roll angles, 8', •o', and 
• ', will be represented by the symbol I•'. Thus the de- 
pendence of cr on the apparent scatterer orientation 
viz. •.=•), will be understood although expressed by 
• = •(k, K'). 
One further convention is adopted to simplify the ex- 
pression of averaged quantities: the complexity of ar- 
guments is reduced wherever possible. Thus the com- 
plexity of arguments of the quantities b, a, and F will 
vary. 
The occurrence of a fish in a given position r with a 
given orientation I•' is described by means of the e.d.f. 
Fv, i,(r,I•'). The spatial and orientation dependence of 
this function are generally not separable, as in certain 
avoidance reactions. 14-t? Because the transmit and re- 
eeive beam patterns and apparent scatterer orientation 
are independent of the scatterer distance r, the aver- 
aging may be performed with respect to the c.d.f. Fi, •, (•,l•'), which is derived from Fr,•,(r,I•' ) by integration 
over all possible values of r. The averaged cross sec- 
tion may be written 
where 
a= f 
specifies the beam pattern normalization. The p.e. 
dF•(•) is derived from dF•,•:,(•,I•') by integrating over 
the entire range of scatterer orientation I•'. 
In the absence of certain behavior patterns, such as 
those manifested by avoidance reactions, the spatial 
and orientation states of a fish will be independent, 
i.e., dF•,E,(•,I•')=dF•(•)dF•,(I•'). The mean backscat- 
tering cross section may then be expressed by 
{.)=a-' (7) 
(o.l) = (0.i) 
FIG. 2. Description of scatterer orientation in (•, •) coor- 
dinates. 
where a specifies the beam pattern normalization as in 
Eq. (6) and 
is the mean backscattering cross section with respect 
to the ensemble of orientation states for a given scat- 
terer direction. 
The orientation distribution-averaged backscattering 
cross section • is now studied for the special and im- 
portant practical case in which fusiform fish with unex- 
ceptional behavior are sensed by a directional, down- 
ward-looking echo sounder. In this case the •/or roll 
angie dependence of o will be weak for small values of 
• and •', i.e., 
(•(l•,I•') •o(•,•') , (9) 
where •' = (cos/}' cos•', cos0' sin•o', -sinO') specifies 
the orientation of the fish centerline in the (x,•,•) co- 
ordinate system. Measurements by Haslett Is and Nak- 
ken and Olsen, 4 among others, establish the reason- 
ableness of this approximation under the specified con- 
ditions of small roll angles and unexceptional modes of 
behavior. Because the roll angle dependence of (r is 
trivial, it is ignored below in further statements of the 
orientation dependence of •. Thus 
f , (X0) 
where ,/2 -7 specifies the effective tilt angle of the 
fish centerline, i.e., the apparent tilt angle of the fish 
as measured from the vantage el the echo sounder; 
• = cos-l[ -sin/} cos/}' cos(• - • ') + COS/} sin/} q (11) 
is the supplement ofthe angie between • and •'; and the 
p.e. dFi.(•') is derived from dFft.(I•' ) by integrating 
over the entire allowed range of roll angie •'. 
A further eminently useful extension of this special 
case is that for which the probability of observing a fish 
of any arbitrary tilt angle is independent of its direction 
• and azimuthal orientation •o' for all positions inor 
beneath the plane of the echo sounder, i.e:, for all • '• 
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TABLE I. Numbers of specimens and length ranges represented by measured dorsal aspect target 
strength functions used in computations. 
Frequency=38 kHz Frequency--120 kHz 
Number of Length range Number of Length range 
Species specimens (cm) specimens (cm) 
Cod 68 6.7-96.0 44 6.7-67.0 
(Gadus morhua) 
Satthe 59 9.1-68.6 48 9.1-68.0 
(Pollachius vixens) 
Pollack 44 19.7 -61.0 39 19.7 --52.0 
(Pollachius pollachius) 
>- 0, where • is the unit vector in the direction of Z and 
z axes shown in Fig. 1. Accordingly, the p.e.'s in Eqs. 
(7) and (10) can be simplified: 
dF$(•) =(2•) 'tsinOdOd•p, (12) 
where dF s,(O') is the p.e. of the tilt angie variable. 
The assumption of spatial homogeneity contained in 
Eq. (12) is tantamount to considering the spatial dis- 
tribution of the fish to be uniform in any observable 
hemispherical shell centered at and lying beneath the 
echo sounder. The least and greatest radii of the hemi- 
sphere are determined by such practical constraints as 
the range interval of interest, pulse length, switching 
time between transmitting and receiving modes if a 
du•tl-mode sonar is used, local bottom topography, 
sound absorption rate, and background noise-adjusted 
threshhold level of the receiving system. 
Those geometries of schooling or aggregating behav- 
ior which are characterized by the grouping of fish in a 
horizontal layer are not excluded from consideration by 
the present model. This is because of the assumed di- 
rectional nature of the downward-looking echo sounder. 
Only fish located near the acoustic axis can contribute 
significantly to averages of the backscattering cross 
section. For sufficiently directional echo sounders the 
small angle approximation sin0 -' tan0 -' 0 is excellent; 
hence, th• applicability of Eq. (12) to the geometries of 
layered fish distributions in addition to that of a spa- 
tially homogeneous distribution. 
II. A COMPUTATIONAL EXAMPLE 
To facilitate the averaging of some dorsal aspect tar- 
get strength functions of fish for which measurements 
exist, in order to determine practical measures of the 
backscattering cross sections of the same fish when ob- 
served by a directional, downward-looking sonar beam 
or echo sounder, a final reduction of the averaging 
process is now presented. 
In this example the transmit and receive beam pat- 
terns are assumed identical and equivalent to that pro- 
duced by an ideal circular piston of half-beamwidth 2.5 
deg. The beam pattern thus depends only on the polar 
angle •: 
b(O) =[2Jl(ka sinO)/(ka sinO)] 2 , (13) 
where the product of wavenumber k and piston radius a 
is roughly 1.62/sin(•r/72)=37.1. This is an excellent 
approximation for a number of sonars in use on several 
fisheries research vessels of the Marine Research In- 
stitute in Bergen, Norway. 
The backscattering cross sections of application are 
those determined experimentally as a function of tilt 
angie for a number of gadold specimens at 38 and 120 
kHz. The measurement of these functions is described 
in Ref. 4. Some of the data of that study and all of the 
data considered here are presented in Ref. 13. The 
numbers of gadold specimens for which measurements 
of the dorsal aspect target strength function exist and 
are used in the computations are shown in Table ! to- 
gether with their corresponding length ranges. Each 
function consists of measurements of the target strength 
at one-degree intervals over a 90 deg range in tilt angle 
centered on the normal horizontal orientation. The 
values of target strength are expressed in d_B relative 
to that of an idealized sphere of 2-m radius and perfect 
geometrical reflectivity. The relation between target 
strength and backscattering cross section is 
TS(0') = 10 log[o( 0 ')/4•], (14) 
where the tilt angle dependence is shown explicitly. 
Measurements of the roll angie dependence of the target 
strength function of a number of specimens by Nakken 
and Olsen 4 demonstrated an approximate constancy over 
a 30 deg range in roll, which, with respect to the di- 
rectional, downward-looking sonar and application to 
fish of nonexceptional behavior modes assumed here, 
justifies neglect of the roll angle dependence in compu- 
tations involving the target strength. Values oftheback- 
scattering cross section for tilt angles lying outside of 
the measurement range are occasionally needed in aver- 
aging operations. These are simulated by the simple 
unweighted average of o(0') over the nearest 10 deg 
range of measured values. Such values contribute only 
slightly to the averages, however, because of their in- 
frequent occurrence. 
In the absence of knowledge to the contrary it is most 
reasonable to assume that the position and orientation 
of a fish in the sonar beam are independent of the act 
of observation; in other words, that effects of the kind 
produced by avoidance reaction, for example. can be 
ignored. It is similarly reasonable to assume that the 
azimuthal and tilt angle dependences of the fish orien- 
tation are independent. From the photographic obser- 
vations of Olsen t9 on free-swimming cod off LorDten, 
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not to mention a pr/ori arguments based on the central 
limit theorem, the tilt angle distribution of fish may be 
described by an essentially normal distribution. This 
observation of normality in tilt angle distribution was 
confirmed by Beltestad 2ø for the case of free-swimming 
herring. The precise form of the tilt angle distribution 
used in the computations is stated in Ref. 12, which fol- 
lows the uses of two earlier studies. 9'21 The probability 
element of tilt angie distribution is dFo.(d') --f(0')dd', 
where the probability density function f(0') is 
f(O') = c 't exd- (0' -•)2/2•] rect[(O'-•)/6%], (15) 
where ½ is the normalization constant, 
½ =% exp(-u2/2)du -' 5%/2, 
and rect denotes the rectangle function: rectx=l for 
Ix[ •< • and 0 for Ixl > •. The two parameters of the 
distribution which fully define its particular realization 
are the mean tilt angle • and the standard deviation • 
of the nontruncated distribution. The values of • and • 
observed by Olsen were approximately -4.4 and 16 deg, 
which almost certainly reflect the behavior of the fish 
during their observation. In recognition of the behavior 
dependence of the tilt angle distribution, computations 
of the mean backscattering cross section are undertaken 
for this pair of values and two other pairs of values, 
(0, 5) deg and (0, 2) deg, which would reflect different 
modes of behavior. In all cases only rather small val- 
ues of •} are considered: larger values are regarded as 
being of unlikely or infrequent occurrence for the ga- 
dolds of interest here. 
With th• beam patterns, geometry of ensonification, 
target strength functions, and spatial and orientation 
distribution of individual fish fully specified, the aver- 
aged backscattering cross section may now be com- 
puted. Because of the axial symmetry of the beam pat- 
terns this may be expressed by 
(o)=a -1 b=(O)•sinOdO, (16) 
where 
a= b2(O)sinOdO (17) 
provides the beam pattern normalization, b(O) is de- 
fined in Eq. (13), and 
where ¾ is specified in Eq. (11). The upper limit of in- 
tegration with respect to 0 is set equal to n/36 rad or 
twice the half-beamwidth of 2.5 deg. This is an excel- 
lent approximation, for 
b•(O) sin0 dO -' 0.997 f'l• bz(O)sinOdO , 
which ensures a computation accuracy better than 0.1 
dB, which exceeds the accuracy of the basic target 
strength data. The practical computation of • in Eq. 
(18) may be reduced by recognition of the bilateral sym- 
metry of the fish of application, thence symmetry in 
target strength function and backscattering cross sec- 
tion with respect to apparent yaw or azimuthal orienta- 
tion. 
The averaged-squared backscattering cross section 
may be computed by an exactly analogons method. The 
only difference is that the product of transmit and re-- 
ceive beam patterns and backscattering cross section 
are replaced by their squares. Thus for the identical 
conditions of the example the averaged-squared back- 
scattering cross section ioz) is 
,/36 -- (oZ)=a-I bi(0)o • sinOdO, (19) 
where 
,r/36 a= b4(O)sinOdO , (20) 
o(r/2 
and all other q•ntities •ve their pr•ious values. 
(21) 
A. Expression of cross sections 
Because the range of variation in backscattering cross 
section and in related quantities, such as the averaged 
and averaged-squared backscattering cross sections, is 
often large from scatterer to scatterer, it is convenient 
to use a logarithmic transformation in the presentation 
of numerical results. With respect to the present in- 
vestigations averaged and root-mean-square target 
strengths are defined in terms of (or) and (•2) by anal- 
ogy with Eq. (14). The averaged target strength, de- 
noted (TS), is defined by 
•TS) -- 10 log((a)/4•). (22) 
The root -mean-square target strength, denoted (TS z)x / 2, 
is defined by 
<TS2)i Y2 _= 10 log((o•) i/z/4•r), (23) 
where (o2>l/z is used instead of ((y•) to facilitate com- 
parison of the several averages. 
To emphasize the dependence of the averaged quanti- 
ties on the orientation distribution of fish and beam pat- 
terns of observing sonar, it is occasionally useful to 
attach subscripts to the averages to denote the values 
of the characterizing parameters. For the particular 
corn. putational example considered here it is sufficient 
to describe three parameters: the two parameters • 
and am of the tilt angle distribution and the half-beam- 
w•zltl• 0 3 dB of the ldcntlcal a•i•iiy •ymm•trk• transmit 
and receive beam patterns. Thus (TS)-4.4,i6,2..m, for ex- 
ample, denotes the averaged target strength correspon- 
ding to a backscattering cross section in the mean of 
the ensemble of orientat,on states described by the ap- 
proximately normal tilt angie distribution of Eq. (15) 
with parameters •=-4.4 deg and %= 16 deg, for a 
homogeneous spatial distribution when weighted by iden- 
tical transmit and receive beam patterns equivalent to 
that of an ideal circular piston with half-beamwidth 
Os as = 2.5 deg. 
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-2O 
-3O 
-5O 
i i i 
COD 38 KHZ 
<T 5) =2 ! - gLOGL-60,3 
I I I 
10 ZO 50 
LENGTH ICH) 
100 
FIG. 3. Searicer diagram and regression of (TS)-*.d. 1•.2.5 on 
I for cod at 38 kHz. 
For the concise presentation of the many averages 
computed here simple linear least-mean squares or 
minimum variance regression analyses have been car- 
ried out for the same quantities when segregated by 
species and frequency. Both averaged and root-mean- 
square target strengths have been regressed on fish 
length l, expressed in units of centimeters, according 
to the equations 
-2o 
, , , ] 
-30 - ßß 
-50 /•fA COO 120KHZ ß <T$)=23.gLOGL-73.? 
-rio I [ I 
5 1o zo 5o 1oo 
LENGTH (CM] 
FIG. 4. Scatter diagram andregressionof (TS).4.4,1•z. 5on 
/for codat 120kHz. 
-20 
-50 
SAITHE 38 KHZ 
10 ZO 50 l 0o 
L•NGTH (C•) 
for satthe at 38 •z. 
log/+ 5 (24) 
=• tog/ + •. (25) 
The coefficients • and $ are written with carets to de- 
note their approximate nature as estimates based on a 
-9O 
-5O 
-6o 
I I I 
SAITHE 120 KHZ 
(TS> = 19.8L0OL-68.0 
I I I 
tO ZO 50 
LENGTH 
FIG. 6. Scatter diagram and regression of (TS).4.4, 1•.2.5 on 
I for saithe at 120 kHz. 
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i i i -20 
-2O 
-5O 
POLLRCK 38 KHZ 
(T5) =i9.1LOGL-66.3 
-60 I I I 
5 10 20 50 100 
LENGTH 
FIG. 7. Scatter diagram and regression of (TS).4.4, i•,2.5 on l 
for pollack at 38 kHz. 
-3O 
-40 
-50 
COD 38 KHZ 
<T$> =20.8LOGL-65.3 
5 1o 20 50 100 
LENGTH 
FIG. 9. Scatter diagram and regression of (TS) 0, s, 2.5 on l 
for cod at 38 kHz. 
finite sample size, The estimated standard errors of 
these coefficients, denoted est[SE(r•)] and est[SE(•)], 
as well as the standard error of regression, SE, and 
correlation coefficient, p, which are useful quantities 
in gauging the effectiveness of the linear regression 
analysis, are computed for each such analysis described 
below. 
-2O 
-30 
-40 
-50 
I I I 
POLLRCK 120 KHZ 
<T$> :15.0LOGL-61 .'7 
-60 I I I 
5 1o 20 50 1oo 
LENGTH 
FIG. 8. Scatter diagram and regression of (TS).4.•, i•,2.$ on 
I for pollack at 120 kHz. 
III. RESULTS 
Scatter diagrams of (T8)-4.4,16,2.5 for the six species- 
and frequency-discriminated data sets described in Ta- 
ble I are presented together with the corresponding lin- 
ear regression equations in Figs. 3-8. Scatter dia- 
grams of {TS)0, s,z. 5and {TS)0,z,z. • are similar, except 
-2O 
-3O 
-40 
-5O 
I I 
COO 38 KHZ 
<TS> = 19.7LOGL-63.8 
-60 
5 tO 20 50 100 
LENGTH 
FIG. 10. Scatter diagram and regression f (TS) a,Z,•.S on l
for cod at 38 kHz. 
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TABLE II. Coefficients and associated statistics of linear egressions of (TS)•.%2.• on I based on 
measured gadoid target strength functions 
Frequency 
• •s Species (kHz) 
-4.4 16 Cod 38 21.9 0.6 -68.3 0.9 1.4 0.979 
Cod 120 23.9 0.7 -73.7 1.0 1.4 0.984 
Saithe 38 20.4 0.5 -66.7 0.8 1.0 0.983 
Saithe 120 19.8 0.7 -68.0 1.0 1.4 0.971 
Pollack 38 19.1 1.5 -66.3 2.2 1.3 0.886 
Pollack 120 15.0 2.8 -61.7 4.0 1.6 0.658 
5 Cod 38 20.8 0.9 -65.3 1.4 2.2 0.946 
Cod 120 24.1 1.0 -72.3 1.5 2.2 0.963 
Saithe 38 19.1 0.7 -62.4 1.0 1.4 0.967 
Salthe 120 18.9 0.8 -63.8 1.1 1.5 0.963 
Pollack 38 18.9 2.0 -63.6 2.9 1.6 0.824 
Pollack 120 15.3 2.8 -58.7 4.0 1.6 0.665 
2 Cod 38 19.7 1.2 -63.8 1.9 3.0 0.894 
Cod 120 24.8 1.6 -74.1 2.4 3.5 0.920 
Saithe 38 17.2 1.0 -59.7 1.4 2.0 0.924 
Salthe 120 18.4 1.0 -62.7 1.4 1.9 0.937 
Pollack 38 16.0 2.3 -58.8 3.4 1.9 0.727 
Pollack 120 14.2 3.3 --56.6 4.7 1.9 0.583 
for the degree of dispersion about the regression line, 
which is illustrated for the representative case of cod 
at 38 kHz in Figs. 9 and 10. The results of the regres- 
sion analyses of the tilt angle distribution-, species-, 
and frequency-discriminated averaged data are pre- 
sented in Table H. 
Averaging of the squared backscattering cross sec- 
tions yields similar results. The scatter diagram of 
(•.o2\t/2 for cod at 38 kHz is shown in Fig. 11. •o /-4.½, i6,2.5 
The results of the regression analyses of the root-mean- 
square target strengths as discriminated by tilt angle 
-2o 
-3o 
-4o 
-5o 
-6o 
I I I 
COO 30 KHZ 
<T$2>•- 2Z ß 9LOOL-68 ß 2 
{O •'O 30 
LENGTH { Cf'l} 
FIG. 11. Scatter diagram and regression of (TSZ) - 4.4,16,2.5 on 
I for cod at 38 kHz. 
distribution, species and frequency are shown in Table 
117. 
IV. DISCUSSION 
The orientation distribution common to the averaging 
of the measured gadold dorsal aspect target strength 
functions in Figs. 3-5 is that observed by Olsenl- 9 for 
free-swimming cod in the sea. It is described by an 
essentially normal distribution with mean and standard 
deviation of -4.4 and 16 deg, respectively. The same 
target strength functions have also been averaged with 
respect to two other tilt angle distributions of the same 
functional form, but with mean and standard deviation 
pairs of (0, 5) and (0, 2) deg. These distributions are 
postulated to correspond to modes of schooling behavior 
in which the fish are dispersed in varying degrees in 
tilt angle about a mean horizontal orientation. Figures 
9 and 10 present examples of averaging with respect to 
these two orientation distributions for the case of the 
measured target strength functions of cod at 38 kHz. 
Insofar as the derived data of the figures are inde- 
pendent, follow normal distributions about mean values 
which lie on a straight line, and have a variance about 
their mean values which is independent of fish length, 
for which there is p•imdfacie evidence, there is justi- 
fication for the linear minimum variance regression 
analyses applied to the data. At least the various sets 
of data are individually sufficiently homogeneous to per- 
mit their characterization by simple linear regression 
equations. The results of this regression analysis when 
applied to the data of Figs. 3-10 and to the remaining 
averaged target strengths not shown on scatter dia- 
grams are summarized in Table II. 
Uncier assumption oi the three conditions stated above 
for application of linear minimum variance analysis, 
analysis of covariance may be applied to the various 
regressions to determine whether they are significantly 
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TABLE III. Coefficients andassociated statistics of linear regressions f (TS2>t/2•,os,2. 5 n l
based on measured gadoid target strength functions. 
Frequency 
• % Species (kHz) Fn [SE (Fn)l • [SE(•)] SE 0 
-4.4 16 Cod 38 22.9 0.6 -68.2 0.9 1.5 0.978 
Cod 120 24.3 0.8 -72.2 1.2 1.7 0.978 
Saithe 38 21.0 0.6 -65.7 0.8 1.1 0.981 
Saithe 120 19.5 0.8 -64.9 1.2 1.6 0.961 
Pollack 38 20.3 1.8 -66.1 2.6 1.4 0.873 
Pollack 120 17.9 2.6 -62.7 3.8 1.6 0.743 
5 Cod 38 21.9 0.8 -66.0 1.3 2.0 0.958 
Cod 120 24.3 1.0 -71.3 1.5 2.2 0.965 
Saithe 38 20.4 0.7. -63.3 1.0 1.4 0.971 
Saithe 120 19.2 0.9 -62.7 1.3 1.7 0.954 
Pollack 38 20.2 2.2 -64.5 3.1 1.8 0.823 
Pollack 120 17.5 2.9 -60.2 4.1 1.7 0.708 
2 Cod 38 20.4 1.2 -64.2 1.8 2.9 0.906 
Cod 120 24.6 1.5 -72.7 2.2 3.3 0.926 
Saithe 38 18.6 0.9 -61.0 1.3 1.8 0.942 
Saithe 120 18.8 1.0 -62.1 1.5 2.0 0.937 
Pollack 38 17.7 2.4 -60.7 3.4 2.0 0.756 
Pollack 120 15.7 3.4 -57.4 4.9 2.0 0.602 
different or can be combined, as to simplify their use. 
Detailed statistical analyses 2•'2a demonstrate that there 
are significant species, frequency, and orientation dis- 
tribution differences among the regressions, which es- 
tablishes and extends earlier more restricted observa- 
tions of species differences. 4'8'•4 The present analysis 
has been undertaken for representation of the data both 
without wavelength normalization, as in all of the scat- 
ter diagrams and regression analyses reported here, 
and with the wavelength normalization first used by 
Love, 25 and subsequently used in Refs. 26-29. The re- 
sults, while different in individual cases for the two 
representation schemes, are indistinguishable in the 
whole: some regressions can be merged in eithercase, 
but generally the various regressions cannot be merged. 
This finding is also supported by similar analysis of 
the maximum dorsal aspect target strengths of the same 
gadold specimens at the two ultrasonic frequencies of 
measurement, both without and with wavelength nor- 
malization. These maximum values, which are essen- 
tially those presented in Ref. 4, are significantly dif- 
ferent from their averaged counterparts presented in 
this study. 
With regard to the high quality and general homogene- 
ity of the data base, the conclusion that there are sig- 
nificant species, frequency, and orientation distribution 
differences in target strength-to-fish length regres- 
sions is itself significant. The implication or penalty 
for misusing or misapplying target strength regres- 
sions in the acoustic estimation of fish abundance is 
evidently a systematic, uncontrollable bias. Because 
knowledge of the fish species under observation is as- 
sumed in fisheries surveys and because the frequency 
and other characteristics of the acoustic sensing sys- 
tem are fixed, the target strength-to-fish length re- 
gression should be determined for the same sonar fre- 
quency of use, fish species of observation, and orien- 
tation distribution characteristic of these fish. Under 
suitable conditions, such as those in which schooling 
fish of homogeneous composition are observed by a cal- 
ibrated fisheries sonar, and then sampled by trawling, 
with presumed determination of schooling density, the 
orientation distribution could be inferred. With suffici- 
ent experience, presumably, knowledge of this acous- 
tically observable manifestation of behavior could les- 
sen or eliminate uncertainty over the pertinent orien- 
tation distribution. In any case, as was shown in Ref. 
12, maximum dorsal aspect target strengths should not 
TABLE IV. Coefficients and associated statistics of linear egressions of <TS>•,•,2.5 on l based on 
Love's model for the target strength of a fish at any aspect. 
Type of Frequeney 
• (• description (kHz) • [SE (fn)] • [SE (•)] SE p 
-4.4 16 arc 38 18.6 0.01 -64.0 0.03 0.05 1.000- 
are 120 18.6 0.01 -64.6 0.02 0.05 1.000' 
area 38 18.7 0.01 -63.4 0.03 0.05 1.000' 
area 120 18.7 0.01 -64.0 0.02 0.05 1.000- 
0 5 are 38 18.9 0.01 -63.1 0.03 0.05 1.000' 
are 120 18.8 0.01 -63.6 0.02 0.05 ! .000' 
area 38 18.8 0.01 -62.8 0.02 0.04 1.000- 
area 120 18.7 0.01 -63.3 0.02 0.05 1.000' 
512 J. Acoust. Soc. Am. Vol. 67, No. 2, February 1980 Kenneth G. Foote: Averaging of fish target strength functions 512 
be used in place of the corresponding averaged dorsal 
aspect target strengths for fish observed by directional 
downward-looking sonars. 
The fact that application of analysis of covariance to 
the averaged target strength regressions presented here 
reveals significant species and frequency differences 
suggests inadequacy in Love's model for the target 
strength function of a fish at any aspect? By its very 
nature this model ignores systematic variations in the 
target strength function due to species. Possible fre- 
quency and behavior or orientation distribution differ- 
ences among regressions based on Love's model have 
been investigated by repeating the averaging computa- 
tions described above, but with use of target strength 
functions derived from Love's model in place of mea- 
sured target strength functions. For target strength 
functions derived from Love's description of target 
strengths along arcs, the averaging proceeds identi- 
cally to that of the computational example. For func- 
tions derived from Love's descriptionof target strengths 
over angular areas, however, the averaging process is 
modified to account for the roll angie dependence in- 
cluded in this more general description. 
Results obtained by regressing the averaged target 
strengths based on Love's model on fish length are pre- 
sented in Table IV for averaging with respect to two 
kinds of behavior. These results obtain for the general 
length ranges of interest, which are roughly 1 to 100 
wavelengths, without regard to the particular length 
? 
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FIG. 12. Length dependence of (a2)/<a)2 in the mean for 
three gadold species at two ultrasonic frequencies for averag- 
ing with respect to a tilt angle distribution with parameters 
(•', lye )= (-4.4,16) deg and a sonar with half-beamwidth of 2.5 
deg. Values of frequency given in kHz. 
,,9 I {0,2) 1 o I I i 
5 10 20 50 100 
LENGTH fCM) 
FIG. 13. Length dependence of <o'2)/<•> 2 in the mean for cod 
at 38 kHz for averaging with respect to two tilt angle distribu- 
tions, with parameters (•, a0) = (0, 5) deg and (0, 2) deg, and 
a sonar with half-beamwidth of 2.5 deg. 
distribution chosen for the regression analysis because 
of the homogeneity of Love's model. This same homo- 
geneity explains the similarity in regressions for the 
two kinds of behavior; differences simply express the 
tendency of the mean backscattering cross section to 
decrease with increasing sizable excursion from mean 
tilt angles in the vicinity of the maximum dorsal aspect 
target strength. The case of behavior defined by the 
orientation distribution with parameters (0,2) deg is 
omitted as averaged values based on this distribution 
are indistinguishable from thosed based on the tilt angle 
distribution with parameters (0, 5) deg. This is also 
explicable in terms of the homogeneity of the target 
strength function modeled by Love, which differs no- 
ticeably from measured functioasby the relative coarse- 
ness of its angular description. 
Frequency differences in the regressions of Table IV, 
which are also slight, owe their origin to the method of 
description of target strengths by wavelength-normal- 
ized backscattering cross sections. This method of 
representing the length dependence of target strengths, 
except for the case of an exact quadratic length depen- 
dence of backscattering cross section, imposes a fre- 
quency bias. Differences in the corresponding regres- 
sions based on arc and area descriptions are slight, 
but consistent: averaged target strengths computed 
according to the arc description are generally less than 
those of the area description because of the absence of 
generally larger dorsilateral aspect target strengths 
included ia the second description. 
It does appear reasonable that averaged target 
strength-to-fish length regressions based on Love's 
model can be used in estimating fish abundance in sit- 
uations where knowledge of the observed fish is negli- 
1 • 
• 10-1 •• 
lO -j I I I I I I I t 
O 30 /•O 
aiDEG) 
FIG. 14. Depender•ce of beam pattern factor De, defined in 
Eq. {27), on 
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gible or highly uncertain. In situations in which gadolds, 
at least, are known to be the primary objects of obser- 
vation, the use of regressions based on measured tar- 
get strength functions are superior. A statistical anal- 
ysis of errors incurred in the acoustic estimation of 
gadold abundance by using averaged target strength-to- 
fish length regressions based on Love's model instead 
of comparable regressions based on species- and fre- 
quency-discriminated data supports this conclusion. 
The discussion, which has thus far been concerned 
with averaged target strengths, could be repeated for 
the root-mean- square target strengths also computed in 
this study. The similarity of averaged and root-mean- 
square target strengths, for the same target strength 
functions and manner of averaging, is established by 
comparison of comparable entries in Tables II and 
Comparison of Figs. 3 and 11 for respective averaging 
of the backscattering cross sections and their squares 
for the same measured cod data at 38 kHz with respect 
to the same orientation distribution reinforces the no- 
tion of this similarity. 
A detailed comparison of the respective averaged and 
root-mean-square target strengths does reveal differ- 
ences. Some of these are described in Figs. 12 and 13, 
where the ratio of averaged-squared backscattering 
cross section andsquared-averaged backscattering cross 
section in the mean are plotted against fish length. Re- 
striction of the computed ratios to the approximate 
length ranges described in Table I is understood. In 
terms of the root-mean-square and averaged target 
strengths, the computed ratio is 
(•2)/((•)z = tO (•?s%•z'•s))/', (26) 
which follows from Eqs• (22) and (23). 
A quantity of greater significance in computing errors 
in fish abundance estimates is the ratio of observable 
mean-squared backscattering cross section to squared- 
mean backscattering cross section, 
[ b•(O)sinOdO fo•sinOdO (o•) =D•t (/V(0)sin0d0)2 (27) 
where the beam pattern b(8) is defined in Eq. (13), and 
a describes the angular extent of observed fish, as 
measured from the acoustic axis, which for the parti- 
cular computational example considered here is 
satned to be at least 5 deg. The factor D= cannot ex- 
ceed unity, which is seen immediately by consideration 
of the Schwarz inequality. The dependence of D• on the 
upper limit of integration at is shown in Fig. 14. 
Computations of the sort described in Eqs. (26) and 
(27) and presented in Figs. 12-14 are important in de- 
termining errors associated with acoustic estimates of 
fish abundance. Earlier treatments I-a of the contribu- 
tion of the variability in target strength function to these 
errors have ignored the inseparable geometric effects 
of perspective and beam patterns. The present study 
may be viewed, therefore, as both revising and extend- 
ing this work. 
V. SUMMARY 
The principal accomplishments of this paper are both 
theoretical and practical. Averaging of the target 
strength functions of fish has been treated in a general 
manner which accounts for effects due to geometry, in- 
eluding the effect of perspective on altering apparent or 
observed target strengths; behavior of observed fish 
through their orientation distribution; and beam pat- 
terns of observing sonar. The philosophy enunciated by 
Lozow and Suemain, I that the methods of system analy- 
sis can only be applied to studies of the acoustic estim- 
ation of fish abundance by considering well-defined sit- 
uations, has been accepted tacitly in consideration of a 
particular computational example. This example is im- 
portant because of its modeling of realistic situations 
in which fish abundance is determined by means of di- 
rectional downward-looking echo sounders operating at 
ultrasonic frequencies. The availability of high quality 
target strength data for three gadoid species at two 
aRmsonic frequencies has been exploited in actual com- 
putations of averaged and averaged-squared backscat- 
tering cross sections. Species, frequency, and orien- 
tation distribution differences in simple linear regres- 
sions based on the logarithmic expression of these 
cross sections has been noted. Comparisons of aver- 
aged and averaged-squared backscattering cross sec- 
tions, to facilitate estimation of errors in fish abun- 
dance estimates, have been presented for averaged data 
which are homogeneous in species, frequency, and ori- 
entation distribution. 
The present work may be viewed, additionally, in the 
language of Middleton, 2ø as providing some details of 
the basic scattering elements and their computation 
which are needed to describe active underwater acous- 
tic channels at high frequencies when dominated by 
scattering from fish. 
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